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Abstract
Whether a string has rotation and shear can be investigated by an anology
with a congruence of point particles. Rotation and shear involve first covariant
spacetime derivatives of a vector field and, because the metric stress tensor
for both the point particle and the string have no such derivatives, the best
vector fields can be identified by requiring the conservation of metric stress. It
is found that the best vector field is a non-unit accelerating field in x, rather
than a unit non-accelerating vector involving the momenta; it is also found
that there is an equation obeyed by the spacetime derivative of the Lagrangian
Lµ = Pµa (F
a
Θ +Fa)
using notation which will be defined in the paper. The relationship betwen
membranes and fluids is looked at, and it is shown how to produce a membrane
with arbitrary Γ for the Γ-equation of state.
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1 Introduction
In general relativity the covariant derivative of a vector field can be decomposed into
parts called the rotation, shear and so forth, see for example [3] and the appendix §6:
these reduce to the same objects in newtonian fluid dynamics. This vector field can
be thought of as being tangent to the world-line of a particle and so it is of particular
interest what these objects are for a congruence of point particles whose motion
has a lagrangian description. From a point particles lagrangian one can produce
a spacetime metric stress which is proportional to the projection tensor and fills
the whole spacetime. Clearly this stress cannot be of a single point particle, which
must have a δ-function stress to be point-like; how such stresses can be produced
is addressed in section §6. For the simplest point particle actions, the spacetime
metric stress cannot represent interacting or self-interacting particles. Particles and
strings will self-interact via deviation equations, see roberts [5]. As the spacetime
metric stress fills a portion of the spacetime it is said to represent a congruence
of particles, by anology with a ”congruence of curves” [3]p.69. It is assumed that
the best vector field describing a congruence of particles is also the best vector for
an individual member of the congruence. It is not immediate what the best vector
field to choose to constuct rotation and shear is: one could choose the unit vector
field P µ/m, which would considerably simplify subsequent calculations; or one could
choose the non-unit vector field x˙µ, which has acceleration. Here it is suggested that
the best choice is x˙µ, as the conservation of the spacetime metric stress tensor then
takes the simplest form. The analysis is then extended from the particles to strings
and membranes. Two topics not looked at are: firstly boundary conditions, in fact
only the rotation and shear of a part of the string are looked at, whether the whole
object has these properties is left open; secondly its classification, the existence, or
otherwise, of shear and rotation, can signify the classification, for example Petrov
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type, of the spacetime under consideration; this can be thought of as a classification
of the covariant derivatives of the vector field: thus in the present case there could
be a classification of the spacetime covariant derivative and the internal covariant
derivative, and perhaps a mixture of the two. The treatment of the spacetime metric
stress of a congruence of particles is generalized to the Nambu-Goto action in section
§3.1, and for several membrane actions in section §4, all the time the notation used
is succesively generalized. The spacetime metric stress of congruences of strings
and membranes contains terms in both the spacetime metric and projection tensor,
as does a perfect fluid. The relationship between the two is examined, the main
difference being that membranes have much more complex projection tensors. The
notation used is that of [3], except that p is the dimensions of the brane, P denotes
the momentum, and P is the pressure, γ is the internal metric, Γ is used for the
γ-equation of state.
2 A Congruence of Particles.
2.1 The Point Particle’s Action.
The coordinate space action of a point particle is
S =
∫ τ2
τ1
dτL, (1)
for the simplest case of a non-interacting particle, the specific lagrangian is
L = −mℓ, ℓ =
√
−x˙2, x˙α = D
dτ
xα. (2)
This is sometimes also called the non-linear form, and sometimes the determinant
form. Varying the velocity x˙α one can interchange the variation and the covariant
derivative
δx˙α = δ
D
dτ
xα = D
δxα
dτ
, (3)
So that the variation of the action is
δS =
∂L
∂x˙µ
δxµ|τ2τ1 −
∫ τ2
τ1
dτδxµ
D
dτ
∂L
∂x˙µ
. (4)
The first term of the varied action 4 can be made to vanish by using suitable bound-
ary conditions, a simple choice is
δxµ
∂L
∂x˙µ
|τ1 = δxµ
∂L
∂x˙µ
|τ2 = 0, (5)
which are obeyed in the particular case
δxµ|τ1 = δxµ|τ2 = 0. (6)
3
The second term of the varied action 4 vanishes when the equations of motion
D
dτ
∂L
∂x˙µ
= 0, (7)
are obeyed. Substituting ∂L/∂x˙µ for the particular Lagrangian defined in 2 gives
m
D
dτ
x˙µ
ℓ
2
= 0 (8)
where in this and subsequent cases
2
= signifies that the equality holds only for a
specific Lagrangian in this case 2. The covariant nature of D/dτ ensures that 8 is
the geodesic equation.
2.2 Introducing Momenta and the Hessian.
The momentum and its absolute derivative are defined by
Pµ ≡ δS
δx˙µ
=
∂L
∂x˙µ
2
= m
x˙µ
ℓ
. P˙µ =
D
dτ
Pµ, (9)
The boundary condition 5 can be expressed in terms of the momenta
δxµPµ|τ1 = δxµPµ|τ2 = 0, (10)
as can the equation of motion
P˙ µ = 0. (11)
The Hessian is defined as
Wµν ≡ δ
2S
δx˙µδx˙ν
=
∂2L
∂x˙µ∂x˙ν
2
=
m
ℓ
hµν (12)
hµν is the projection tensor defined below 14. This equality suggests that the Hessian
can be thought of as a generalized projection. For the particular Lagrangian 2 the
geodesic equation 8 or 11 can be expressed in terms of the specific projection tensor
P˙ µ = W µν x¨ν
2
=
m
ℓ
hµν x¨ν = 0, (13)
where the specific projection tensor familiar from general relativity is
hµν ≡ gµν − x˙
µx˙ν
x˙2
= gµν +
P µx˙ν
mℓ
= gµν +
P µP ν
m2
,
hµαhνα = h
ν
.ν = g
µαhνα,
hµν x˙ν = 0, h = d− 1 (14)
4
2.3 Some Standard Equations.
The spacetime metrical stress is
T µν = − 2√−g
δS
δgµν
= −2∂Lx
∂gµν
+ gµν(x)L(x), (15)
and it is often taken to be the energy-momentum tensor corresponding to L(x) It is
assumed that this tensor is conserved
T µν. . ;ν = 0, (16)
For the point particle 2 the energy-momentum tensor is
Tµν = −ℓ2Wµν 2= −mℓhµν 2= −mℓgµν − Pµx˙ν (17)
The perfect fluid energy-momentum tensor Eq.3.8[3] is
Tµν = (µ+ P)VµVν + P gµν , = (µ+ P)hµν − µgµν , VµV µ = −1, (18)
in this case hµν is given by the first equality of 14 with V µ = x˙µ/ℓ. 18 can encompass
the energy-momentum of many systems, such as scalar fields, essentially this is
because of the freedom to choose an equation of state. When µ = 0 the perfect fluid
18 has energy-momentum tensor
Tµν = Phµν , (19)
comparing with the second equality of 17 the energy-momentum of a point particle
can be thought of as a perfewct fluid with density µ = 0 and pressure
P 2= −mℓ. (20)
From the properties of the projection tensor 14, 17 gives
x˙νTµν
2
= 0, hµαTαν
2
= −mℓ hµ. ν (21)
The first of these equations has as a consequence that one cannot usefully take a
definition such as
P µ = VνT
µν , (22)
as taking V ν proportional to x˙ν gives P ν = 0.
2.4 Derivatives of the Stress
Stress conservation 16 is explicitly
T µν. . ;ν = −
m
ℓ
(
x˙α(x˙µ. α − x˙ µα. ) + x˙µx˙α. α −
x˙αx˙β
x˙2
x˙αβx˙
µ
)
, (23)
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and is satisfied under the stringent condition
x˙α. ;β = 0. (24)
The equation 24 can be thought of as
x˙α. ;β = ∇β
D
dτ
xα =
D
dτ
∇βxα = D
dτ
(
δαβ + Γ
α
βγx
γ
)
=
D
dτ
Γαβγx
γ (25)
implying that either the metric is flat or the coordinates are special. At first sight
the first term in 23 looks as if it is related to the vorticity and the second term to
the expansion of x˙α; however x˙αis not of unit size i.e. x˙αx˙
α 6= 1, or even constant
vector, so that the identification is not straightforward, and the expression appears
not to simplify. Simpification is more easily achieved with the mixed x, P form of
the stress, see the last equality of 17 to get the conservation equation
T µν. . ;ν
2
= −mℓµ − P µ. ;ν x˙ν + P ν. x˙ν. ;ν (26)
Taking the absolute derivative to be given by
D
dτ
= x˙ν∇ν , (27)
although it could be a function times this, the second term in 26 is the τ covariant
derivative of P , i.e.
P µ. ν x˙
ν = P˙ µ, (28)
and this vanishes by the equations of motion 11. This term would still vanish if
there was an additional function on the left of the right hand side of 27. The last
term in 26 can be taken to be the expansion of x
x˙ν. ;ν =
x
Θ . (29)
Substituting 11, 16, 28 & 29 into 26 gives
mℓµ =
x
Θ P
µ, (30)
which equates the expansion of x to the change in the lenght ℓ. Now
mℓµ = −Lµ, (31)
so that
−Lµ = xΘ P µ. (32)
Expanding 30 for x gives
x˙α.αx˙
µ = −x˙αx˙α.µ = −x¨µ + 2x˙αx˙[µα], (33)
which shows that the result 17 could not be directly obtained by differentiating the
Lagrangian, neither does it follow immediateky from 23. Collecting together 30, 32
and 33 gives
L;µ = −mℓ;µ = m
ℓ
x˙αx˙α.µ =
m
ℓ
(x¨− 2x˙αx˙[µα]) = −m
ℓ
x˙α.αx˙
µ = − xΘ P µ. (34)
6
The preceeding way of requiring stress conservation occures in two parts seper-
ately is not the same as the standard approach when a vector field is present, for
example for a perfect fluid. There one requires VαT
αβ
. . ;β and h
α
. βT
βγ
. . ;γ to vanish
seperately. To see what happens if this is tried in the present case notice the form
of stress conservation
T µν. . ;ν
2
= −mℓνhµν. . −mℓhµν. . ;ν (35)
Transvecting with V µ gives the second term equal to zero, substituting back into
35 gives the first term equal to zero, so that ℓ is a constant, which implies a very
restricted system. The middle term of 26 is going to vanish by the equations of
motion and 30 is just what remains, so that this method imposes no restriction on
the system.
2.5 The Phase Space Action.
The phase space action is
S =
∫ τ2
τ1
dτLph, Lph 2= x˙ · P + λ1σ1. (36)
this is sometimes called the first order form, and sometimes the Hamiltonian form.
Varying with respect to λ, P α and xα gives
δS
δλ1
= P 2 +m2,
δS
δPα
= x˙α + 2λ1P
α, (37)
∫ τ2
τ1
dτPαδx˙
α =
∫ τ2
τ1
dτ
[
D
dτ
(Pαδx
α)− δxα D
dτ
Pα
]
= Pαδx
α|τ2τ1 −
∫ τ2
τ1
dτδxαP˙α,
respectively. The first equality of the δxα variation follows from 3. The first term
of the δxα variation is just the boundary condition 4 and so can be satisfied by 10.
The second term of the δxα variation gives the equation of motion 11.
At first sight the treatment of the energy-momentum is different from the coor-
dinate space approach. The absense of the square root changes the first term by a
factor of 2 and the constraint gives an extra term so that by substituting
T µν = −2u[µP ν] − 2λ1P µP ν + gµνL, (38)
and this is the same as before 17. Note that the constraint contributes to the value
of the stress 38, but not the Lagrangian 36
2.6 The Second Order Action
Removing P α from the Lagaingian 36 using P µ = −xµ/2λ1 from 38 the Lagrangian
reduces to its second order form
L2 = 1
2
(η−1x˙2 − ηm2), 2λ1 = −η. (39)
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Requiring that the variation of 39 with respect η to vanish gives
η = ±
√−x˙2
m
, (40)
requiring the variation of 39 with repest to x˙µ to vanish gives
D
dτ
(
x˙α
η
)
= 0, (41)
substituting the value of η 40 gives the equation of motion 8. The energy-momentum
tensor 15 is
T µν =
1
η
(
−x˙µx˙ν + 1
2
gµν(x˙2 −m2η2)
)
, (42)
substituting the value of η 40 back into 42 gives the stress 17.
2.7 The Rotation and Shear of a Point Particle.
The identification of the preferred vector field as x˙α in §2.4 remains the same as the
stresses T µν 17, 38, 42 and hence T µν. . ;ν are unaltered. Thus under the transformation
τ → τ ′ the preferred vector field just transforms as dxα
dτ
→ dτ ′
dτ
dxα
dτ ′
.
Having identified the vector x˙α, rather than say P α, as the preferred one, one can
use the standard decomposition [3] and the appendix §6 to calculate the rotation
and shear.
3 The String.
A point particle can be thought of as a minimal surface of zero dimension p = 0,
and a string a minimal surface of dimension one p = 1, and a membrane a minimal
surface of arbitrary p < d the dimension of the spacetime. In this section the simplest
string action and in the next section the simplest membrane action are investigated.
3.1 The Nambu-Goto Action.
The action of the string [Eq.I.16 of [6]] can be taken in a form that corresponds to 1
S =
∫ τ2
τ1
∫ pi
0
dτdσL, (43)
where the standard specific Lagrangian is the Nambu-Goto Lagrangian
L = − A
2πα′
, (44)
the area A 45 is a generalization of the lenght ℓ 2
A ≡
√
(x˙ · x′)2 − x˙2x′2, (45)
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also in 43, τ is the evolution parameter, σ is the kinematic parameter, α′ is the
string tension, x˙α = Dxα/dτ , x′ = Dxα/dσ. The velocities x˙ and x′ can be varied
in a similar manner to 3 to give the varied action
δS = −
∫ τ2
τ1
dτ
∫ pi
0
dσδxµ
[
D
dτ
∂L
∂x˙µ
+
D
dσ
∂L
∂x′µ
]
+
∫ pi
0
dσ
∂L
∂x˙µ
δxµ|τ2τ1 +
∫ τ2
τ1
dτ
∂L
∂x′µ
δxµ|σ=piσ=0 . (46)
Choosing initial and final positions on the string to be fixed so that 6 is obeyed
the second term vanishes. For open strings the third term vanishes when the edge
condition c.f. eq.I.18 of [6]
∂L
∂x′µ
|σ=0 = ∂L
∂x′µ
|σ=pi (47)
is obeyed. For closed strings xµ(τ, σ+2π) = xµ(τ, σ) c.f. §II.7 of [6]. The vanishing
of the first term gives the string equation of motion
D
dτ
∂L
∂x˙µ
+
D
dσ
∂L
∂x′µ
= 0 (48)
3.2 Reduction to the Point Particle.
The theory of the string, a p = 1 minimal surface, must somehow incorporate that
of a p = 0 minimal surface, which describes a point particle. To see how use the
reduction equation
∂L
∂x′α
= 0, (49)
the string equation of motion 48 takes the same form as 7. For the specific La-
grangian 44, the reduction equations
x˙ · x′ 44= 0 & x′2 44= +1, (50)
reduce the area A 45 to the lenght ℓ 2. The reduction equation
m =
1
2πα′
(51)
equates the coupling constants so that the point particles equation of motion 8 is
recovered.
3.3 Introducing Momenta.
One can define momenta
P τµ ≡
δS
δx˙µ
=
∂L
∂x˙µ
, P σµ ≡
δS
δx′µ
=
∂L
∂x′µ
, (52)
note that τ&σ are superscripted not subscripted. These allow the edge condition 47
to be put in the form
P µσ|σ=0 = P µσ|σ=pi, (53)
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and the equations of motion 48 to be put in the simple form
P˙ τµ + P ′σµ = 0, (54)
where P˙ τµ = DPτµ/dτ and P ′σµ = DPσµ/dσ. For the specific Lagrangian 43 the
momenta 52 are
− 2πα′AP τµ 44= x˙ · x′x′µ − x′2x˙µ, − 2πα′AP σµ 44= x˙ · x′x˙µ − x˙2x′µ, (55)
and using 50 the reduction equation 49 becomes
x˙2x′µ = 0, (56)
and P τµ reduces to P µ 9 and P σµ vanishes. Inverting 55
Ax˙µ = −2πα′(x˙2P τµ + x˙ · x′P σµ) = 2πα′(P σ2P τµ − P τ · P σP σµ),
Ax′µ = −2πα′(x′2P σµ + x˙ · x′P τµ) = 2πα′(P τ2P σµ − P τ · P σP τµ). (57)
3.4 Introducing the Hessian.
The specific projection tensor is defined by
hµν
44≡ gµν + 1A2 ×
(
x˙2x′µx′ν + x′2x˙µx˙ν − (x˙ · x′)(x˙µx′ν + x′µx˙ν)
)
,
h = d− 2. (58)
this projection tensor is a generalization of the familiar one in general relativity 14.
It can be written in several forms using momenta only or, momenta and coordinates,
the most convenient is
hµν
44
= gµν +
2πα′
A × (P
τµx˙ν + P σµx′ν), (59)
which corresponds to the middle equality of the first line of 14. The projection
tensor 58 obeys the equations
hµν x˙∗ν = x˙
∗µ +
1
A2 ×
(
(x˙2x′ · x˙∗ − x˙ · x′x˙ · x˙∗)x′µ + (x′2x˙ · x˙∗ − x˙ · x′x′ · x˙∗)x˙µ
)
,
hµν
∗
xν = 0, h = d− 2, hµαhνα = hµ. ν , (60)
with ∗ = 0 or ′ and hµνx” following by symmetry. The specific projection tensor
allows the derivatives of the momenta to be expressed as
2πα′AP τ∗µ = hµν(x′2x˙∗ν − x˙ · x′x′∗ν )± x˙ · x′∗x′µ ∓ x′ · x′∗x˙µ (61)
with the top sign in the last two terms for ∗ = 0 and the bottom sign for ∗ =′, and
similarly for P σµ. The Hessian is
W ττµν
44
=
x′2hµν
2πα′A , W
στνµ 44= − 1
2πα′A(x˙ · x
′hµν + x˙νx′µ − x′ν x˙µ)
W σσµν
44
=
x˙2hµν
2πα′A , W
τσνµ 44= − 1
2πα′A(x˙ · x
′hµν + x˙µx′ν − x˙νx′µ) (62)
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the equations of motion 54 become
2πα′A(P˙ τµ + P ′σµ) 44= 2πα′A (x¨νW ττµν + x′′νW σσµν + x˙′ν(W τσµν +W στµν))
44
= hµν(x′2x¨ν + x˙
2x′′ν − 2x˙ · x′x˙′ν) = 0, (63)
3.5 The Stress and Its Derivatives.
The energy-momentum 15 for 44 is
Tµν = − A
2πα′
(2hµν − gµν), T = (4− d)A
2πα′
, (64)
and 64 is traceless in four dimensions. At first sight, using 18 for the perfect fluid
equivalence of this energy-momentum one has
p = µ =
A
2πα′
(65)
however this assumes that the hµν ’s 14 and 58 are the same which they are not.
Choosing two interacting fluids with stress
T µν = (µ1 + p1)V
µV ν + (µ2 + p2)WµWν + (p1 + p2)g
µν + 2ξV(µWν) (66)
and choosing non-unit vectors V µ = x˙µ/A, W µ = x′µ/A the interaction parameter
is
ξ = (x˙ · x′) A
πα′
(67)
and there is one free function among the four µ1, µ2, p1, p2 letting it be p2 gives
p1 = − A
2πα′
− p2, µ1 = p2 + (1− 2x′2) A
2πα′
, µ2 = −p2 − x˙
2A
πα′
. (68)
For investigation of the stress’s derivatives it is easiest to work with the mixed form
of the projection tensor 59 giving
T µν = −2(P τµx˙ν + P σµx′ν)− Ag
µν
2πα′
. (69)
Stress conservation 16 gives
T µν. . ;ν = −
Aµ
2πα′
− 2(P˙ τµ + P ′σµ+ τΘ P τµ+ σΘ P σµ) (70)
where the absolute derivatives are taken to be given by
D
dτ
= x˙ν∇ν , D
dσ
= x′ν∇ν , (71)
and the expansions are
τ
Θ= x˙
ν
. ν ,
σ
Θ= x
′ν
. ν . (72)
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After using the equations of motion 54 stress conservation gives
Aµ = −4πα′( τΘ P τµ+ σΘ P σµ) (73)
which equates the expansion of x to the change in the area, compare 21. Equations
72 suggest that there are two preferred vector fields x˙µ and x′µ, however τ and σ
are not unique and can transform, so that mixtures of x˙µ and x′µ might be better
preferred vector fields. The best way to approach this is through vector notation
with a, b . . . = τ, σ, this can be achieved with not much more effort by using the
Dirac membrane.
4 The Membrane.
4.1 The Action.
The membrane action is
SD =
∫
M
dp+1ξ
√−γLˇ, γab = gµν∂axµ∂bxν ,
√−γ = (− det γab) 12 , (74)
where L = √−γLˇ. Choosing
p = 1, Lˇ = k = − 1
2πα′
, a, b . . . = τ, σ, d2ξ = dτdσ, (75)
γ = det(γab) = −A2, γab =
(
x˙2 x˙ · x′
x′ · x˙ x′2
)
, γγab =
(
x′2 −x′ · x˙
−x˙ · x′ x˙2
)
,
this reduces to the Nambu-Goto action 44. The first fundamental form is defined
by
ℵµν ≡ γabxµaxνb , ℵµρℵν.ρ = ℵµν , ℵρ.ρ = γc.c = xρc.. xρc = p+ 1, (76)
which allows the generalization of the projection tensors 14 and 58 to be expressed
as
hµν
74
= gµν − ℵµν , h = d− 1− p. (77)
Choosing
LˇD = k, LˇP = k
2
{
ℵρ.ρ − (p− 1)
}
, LˇC = k
{ ℵρ.ρ
p+ 1
}p+1
2
, Lˇ = kLℵ(ℵ), (78)
gives the Dirac [2] or determinant form which generalizes 2, the second order form
generalizing 39, and conformal actions respectively. Rather than work with these
three Lagrangians seperately it is often easier to work with Lℵ, where Lℵ(ℵ) is a
function of ℵρρ, as it includes all of them as special cases. Substituting ℵρρ = p + 1
into the first three of these actions gives LˇD = LˇP = LˇC = k
The spacetime metric stress 15 generalizing 17 and 63 is
T µνℵ = k
√−γ {((p+ 1)Lℵ + 2L′ℵ)hµν − (pLℵ + 2L′ℵ)gµν} ,
T = k
√−γ
{
(d− (p+ 1)2)Lℵ − 2(p+ 1)L′ℵ
}
, (79)
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where L′ℵ = ∂Lℵ/∂ℵρρ. This can be traceless for example for Lℵ = (ℵρρ)n with
2n = d− (p+ 1)2 The stresses for the first three lagrangians of 78 are
T µνD = k
√−γ {(p+ 1)hµν − pgµν} , T µνP = T µνC = k
√−γ {(p+ 2)hµν − (p+ 1)gµν} .
(80)
The reason that T µνP and T
µν
C are different from T
µν
D is that the contribution to the
stress from the constraints has not been taken into account, see equation 38 for how
this is done for the point particle. The stresses calculated with the internal metric
are described in the next section §5. The spacetime metric stress 79 can be projected
hµρT
ρν = k
√−γLℵhν.µ, xνaT µν = −k
√−γ(pLℵ + 2L′ℵ)xµ.a. (81)
The spacetime metric stress 79 is of the form of functions times gµν and hµν and so
has a fluid anology, assuming that there is a fluid of a form generalizing 18
T µν = (µ+ P)hµν − µgµν , (82)
which now has a much more complex projection tensor hµν given by 77. 79 gives
the pressure and density
P = k√−γLℵ, µ = k
√−γ(pLℵ + 2L′ℵ), (83)
and this has a Γ-equation of state
P = (Γ− 1)µ, (84)
with
Γ =
(p+ 1)Lℵ + 2L′ℵ
pLℵ + 2L′ℵ
, pLℵ + 2L′ℵ 6= 0, (85)
the p = 0 case is more easily treated seperately, see 20. For p 6= 0 the projection
tensor involves more than one vector field and so does not have a familiar general
relativistic interpretation of being orthogonal to a moving observer. The Γ-equation
of state usually has Γ a number rather than a function, in the present case this can
be achieved using Lℵ = (ℵρρ)n giving
Γ =
(p+ 1)2 + 2n
p(p+ 1) + 2n
, n =
(p+ 1)(pΓ− (p+ 1))
2(1− Γ) . (86)
In general a system described by a set of vectors has a fluid anology when there exists
an internal metric so that a surface with first fundamental form and projection can
be defined.
The equation of motion resulting from varying 74 with respect to x is
− k∂a
{√−γxµa(Lℵ + 2L′ℵ)} = 0. (87)
Substituting LP gives a constant times Polchinski [4]eq.1.2.25. From now on assume
Lℵ + 2L′ℵ 6= 0. The momenta are
P µa ≡ δS
δ∂axµ
=
∂L
∂∂axµ
= k
√−γ(Lℵ + 2L′ℵ)xµa (88)
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so that the equation of motion generalizing 54 is
∇aP µa = 0. (89)
In terms of the momenta 88 the first fundamental form 76 is
ℵµν = P
µ
a x
νa
√−γ(Lℵ + 2L′ℵ)
(90)
from this the projection tensor 77 can be constructed and it generalizes 59. The
stress 79 can now be expressed as
T µν = Lgµν − FP µaxνa, F ≡
pLℵ + 2L′ℵ
Lℵ + 2L′ℵ
Γ (91)
with Γ given by 85 and this generalizes 69.
4.2 Derivatives of the Stress.
Covariantly differentiating with respect to xν gives the generalization of 70
T µν. . ;ν = Lµ − (FP µaxνa)ν , (92)
where the absolute derivatives are
∇a = ∂axν∇ν , (93)
and the p+ 1 expansions are
a
Θ= ∂ax
ν
.ν . (94)
After using the equations of motion 89 stress conservation gives
Lµ = P µa
(
F
a
Θ +Fa
)
, (95)
for the Dirac Lagrangian F = p + 1 and the second term on the right hand side
vanishes. This equation 95 equates the spacetime derivative of the Lagrangian to
the expansions of xµ, this generalizes 73 and 34. From 94 and 95 it is apparent that
the best vector field for calculating shear and vorticity is
V µ =
p∑
a=1
∂ax
µ. (96)
using this vector one can use the standard decomposition [3], see also the appendix
§6 below, to calculate the rotation and shear of a membrane.
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5 Worldsheet Restriction.
Define the internal metric stress
T ab ≡ 1√−γ
δS
δγab
= −2 ∂Lˇ
∂γab
+ γabLˇ (97)
then the restricted spactime stress is
T¯ µν = xµax
ν
bT
ab (98)
compare the equations Carter [1]eq.6.3. T¯ µν is part of T µν , unfortunately there does
not seem to be a way of finding it using projections. Let nν be any normal to the
membrane such that
nµx
µ
a = 0, (99)
then from 98
nµT¯
µν = 0, (100)
implying that the stress is restricted to the surface, and so is only part of T µν . Any
projection tensor constructed from nµ is not the same as 77.
The restricted spacetime stress can be thought of in the following way. Taking
the lagrangian corresponding to 74 to be L¯ the restricted action is
S =
∫
dp+1ξ
√−γL¯(ξ) (101)
with γ being given by the second equation of 74. In this case T µν contains a factor
of a (d − p)-dimensional δ-function ensuring that it vanishes for all values of x not
on the worldsheet. What multiplies the δ-function ia a quantity T¯ µν , which can be
defined by requiring that the change of the action under a small change of the metric
is
δS = −1
2
∫
dp+1ξ
√−γT¯ µνδgµν(X(ξ)), (102)
compare Carter [1]eq.6.2. and this variation again gives 98.
For the lagrangians 78
T abD = kγ
ab, T abℵ = −2kL′ℵxaρxρb + kLℵγab, T¯ µνℵ = k(Lℵ − 2L′ℵ)ℵµν
T abP = −
k
2
(
2xaρx
b
ρ − γab(ℵρρ − p+ 1)
)
T abC =
k
p+ 1
( ℵρρ
p+ 1
) p−1
2 (
−(p + 1)xρaxbρ + ℵρργab
)
(103)
The second of these is Polchinski [4]eq.1.2.22 when p = 1, k = 1/α′. The traces of
103 are
T aDa = k(p + 1), T
a
Pa = T
a
Ca = 0. (104)
After substituting ℵρρ = p+ 1 the conservation equations are
T abD |b = 0, T
ab
P |b = T
ab
C = −k(xaρxρb)a, (105)
In this case as the derivatives are with respect to the internal metric so there is no
resulting spacetime vector field to use to construct spacetime rotation and shear.
15
6 Appendix
A vector field can be decomposed
Vµ;ν = ωµν + σµν +
1
3
Θhµν V˙µVν , (106)
where the vorticity tensor and vector are
ωµν = h
α
µh
β
νV[α;β], ω
µ =
1
2
ηµναβVνωαβ, (107)
the expansion tensor and scalar are
Θµν = h
α
µh
β
νV(α;β), Θ = V
µ
. ;µ, (108)
and the shear is
σµν = Θµν − 1
3
hµνΘ, (109)
16
7 Conclusion.
The vector 96, rather than say
∑p
a=1 P
µa, produces conservation equations 92, terms
of which can be removed by the equations of motion, leaving a simple relationship
between the spacetime derivative of the Lagrangian and the expansion of 96: thus
it is best for forming geometric objects, such as rotation and shear.
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